Three critical frequencies independent of boundary conditions together with a critical length, which determine the vibration behaviors of a nonlocal Timoshenko beam, are identified. Unlike a local Timoshenko beam which has two frequency spectra, a nonlocal Timoshenko beam may have two frequency spectra or one frequency spectrum depending on the nonlocal effect. The eigenfrequencies of the higher modes of a nonlocal Timoshenko beam, irrespective of its boundary conditions, are shown to asymptotically approach one critical frequency, which is mainly determined by the nonlocal effect and beam material properties. This asymptotic behavior is proposed as a new and reliable way to determine the nonlocal effect. The nonlocal effect is also shown to determine whether a special vibration mode called thickness shear vibration can occur.
Introduction
Compared with the Euler-Bernoulli beam model, the Timoshenko beam model [1, 2] incorporates both the rotatory inertia and shear effects, which better characterizes the beam deformation. An interesting issue of two frequency spectra on the Timoshenko beam model was first brought up by Traill-Nash and Collar [3] , which induced heated debates [4] [5] [6] [7] [8] [9] . There is a critical frequency associated with the thickness shear vibration mode [4, 8, 10] , which divides the frequency domain into two zones: the first frequency spectrum (frequency smaller than that of thickness shear vibration) and the second frequency spectrum (frequency larger than that of thickness shear vibration). For Traill-Nash and Collar [3] , it is very natural to have such division because the frequency smaller or larger than this thickness shear vibration frequency will mathematically yield two different solution forms. Stephen [9] argued for the physical nonexistence of the second frequency spectrum. While, the experiments [4, 8] and computations [5] [6] [7] 11] show the existence of the second frequency spectrum. For those authors who acknowledges the existence of the second frequency spectrum, the debate still remains [7, 8] . By deriving the analytical solutions to the hinged-hinged nonlocal Timoshenko beam, this study presents a different view on the frequency spectrum debate.
On the other hand, the nonlocal elasticity theory [12] is developed by assuming that stress at a point depends not only on the strain at that point but also on strains at all other points of the body. In atomistic simulations, the above assumption can be translated as follows: the forces acting on an atom of a solid are due not only to the nearest neighbor atoms but also to all atoms in the solid [13] . This is another way of stating the long-ranged nature of interatomic forces. In the nonlocal elasticity theory, there is an intrinsic length or lengths measuring the long-ranged effect of interatomic forces [12] , which is mainly determined by the inhomogeneity of material microstructure [14] . In comparison, the classical elasticity theory is established by two essential assumptions: homogeneity and ignoring the long-ranged effect of interatomic forces [15] , which is thus often referred to as the local theory. Because the nonlocal effect is size-dependent [13, 16] , which stands out as the structure dimensions diminish, the nonlocal elasticity theory better describes the deformation/motion of a micro/nanometer-scaled structure. For example, the local theory predicts a wrongful dispersion relation, which says that the wave velocity in an elastic continuum increases monotonically and unboundedly as the wave number increases; while, by properly choosing the intrinsic length of the nonlocal effect, the nonlocal theory can match the correct dispersion relation as predicted by lattice dynamics [12] . The nonlocal elasticity has been applied toA comprehensive study is presented by incorporating the nonlocal effect and considering two frequency spectra of a Timoshenko beam. A critical length, which is solely determined by the micro/nano Timoshenko beam cross-section geometry, is identified. If the intrinsic length of nonlocal effect is larger than this critical length, there is only one frequency spectrum in a nonlocal Timoshenko beam; otherwise, there are two frequency spectra like a local Timoshenko beam. Besides the two frequency spectra, a special case called thickness shear vibration, which vibrates at a particular frequency, is also studied. The frequency of thickness shear vibration is shown to be independent on the nonlocal effect. However, whether the thickness shear vibration can occur or not depends on the nonlocal effect. There are three critical frequencies determining the nonlocal Timoshenko beam vibration. One is the frequency of thickness shear vibration, the second one is associated with the intrinsic length of nonlocal effect and shear wave velocity, and the third one is associated with the intrinsic length of nonlocal effect and longitudinal wave velocity. The second and the third frequencies are the asymptotic ones, which physically are also cut-off frequencies. Three nonlocal Timoshenko beams with the hinged-hinged, clamped-clamped and cantilevered boundary conditions are studied. Irrespective of their boundary conditions and insensitive to the beam geometry, the eigenfrequencies of the higher modes of these three beams are all shown to asymptotically approach one of the cut-off frequencies. This asymptotic property can be used as a reliable mechanism to determine the nonlocal effect.
Model development

Governing equations
The free vibration of a nonlocal Timoshenko beam is governed by the following equation where ϕ and w are the rotation of cross-section and transverse displacement; E and G are the beam Young's modulus and shear modulus; I and A are the second moment of area and cross-section area; ρ and κ are the density and shear correction factor, respectively. Here l is an intrinsic length of nonlocal effect; α is a dimensionless scalar indicator, which takes the value of either 0 or 1. α = 0 means that the nonlocal effect is neglected in the shear stress-strain constitutive relation; while, α = 1 means that the nonlocal effect is considered in the shear stress-strain constitutive relation [21] . When α = 1, Eq. (1) recovers those derived by Li and Wang [17] ; when α = 0, Eq. (1) recovers those derived by Wang et al. [19] . The detailed derivation of Eq. (1) is given in Appendix A.
The following dimensionless quantities are introduced
where L is the beam length. Eq. (1) is then nondimensionalized as follows
The dimensionless quantities of R 1 , R 2 and R 3 are defined as the following The equation set of Eq. (6) consists of two coupled second order ordinary differential equations (ODEs), which can be decoupled. By eliminating Φ, the following uncoupled fourth order ODE for Y is obtained ξ ξ
where a, b and c are given as follows Similarly, if Y is eliminated, the following uncoupled fourth order ODE for Φ, which is exactly the same form as Eq. (7), is obtained:
Solution forms
The characteristic equation for both Eqs. (7) and (9) is
which leads to the following solutions
As proved in Appendix B, in all the possible vibration frequency (ω) range of a nonlocal Timoshenko beam, ω = ( ) a a and ω = ( ) b b as defined in Eq. (8) are always positive. Therefore, λ 2 2 is always negative; λ 1 2 can be either positive or negative depending on the value of ac (or c). In Fig. 1 ,
is plotted as a function of ω. The expression of ac gives the following three critical frequencies To illustrate the physical meanings of these three frequencies, we present them in their dimensional forms. In conjunction with Eqs.
(2) and (4), the three dimensional frequencies are given as follows When α = 0, Ω S is infinite, which, as discussed and shown later, is unphysical. From now on, only α = 1 is used in our discussion and computation.
Here ρ E/ and ρ G/ are the longitudinal and shear wave speeds, respectively. Lei et al. [11] showed that Ω E and Ω S are two cut-off frequencies, which means that the vibration frequency of a nonlocal Timoshenko beam cannot surpass either of these two frequencies. Mathematically, these two frequencies are obtained as the asymptotic ones by letting the wave number approach infinity [11] . Another way of viewing these cut-off frequencies in a nonlocal Timoshenko beam is by the wave propagation method, which shows that the wave propagation velocity at a certain large wave number (or frequency) will begin to decrease dramatically and then approach zero [24, 25] . Wang and Hu [25] concluded that the microstructure (determining the nonlocal effect) blocks the propagation of waves at a certain high frequency.
Ω o is the frequency of the so-called thickness shear vibration [4, 8, 10] . Some characteristics of these three critical frequencies can be summarized from Eq. (13) as follows: (1) They are all independent of the boundary conditions and beam length (L); (2) Ω E depends only on the nonlocal effect (l) and beam material properties (E, ρ), and thus independent of the beam geometry; (3) Ω S and Ω o are dependent on the beam cross-section geometry. While, as the shear correction factor, κ, varies only very mildly with different cross-section geometries [26] , the Ω S dependence on the beam geometry is rather weak and is mainly determined by the nonlocal effect and beam material properties; (4) nonlocal effect has no impact on Ω o .
Here the shear correction factor is taken as κ ν ν = ( + ) ( + ) 5 1 / 6 5 (ν: Poisson's ratio) because this value is suggested to be the best [9] .
always holds in the range of (0 r ν r 1/2). Because ω S o ω E , there are only three possible sequence cases for these three frequencies
Because ω S is the cut-off frequency [11] , in cases 2 and 3, ω o ω S always holds and as seen in Fig. 1 We should briefly discuss the physical meaning of this critical length I A / . The flexural wave phase velocity of a nonlocal EulerBernoulli beam is given as follows [24] 
where k is the wave number. The following asymptotic phase velocity is obtain as k approaches infinity
Here the asymptotic phase velocity of V a is also the maximum velocity. Clearly,
a E which is the quotient of two asymptotic values. This length I A / can thus be interpreted as the longest traveling distance in the period of 1/Ω E for the flexural wave of a nonlocal Euler-Bernoulli beam. Physically, the Euler-Bernoulli beam can be viewed as the limit case of the Timoshenko beam as both the rotatory inertia and shear effects approach zero. It is noteworthy to point out that this length I A / , which is solely determined by the beam crosssection geometry, is a measure of the flexural wave traveling distance in a period along the length direction.
There are three solution forms for Eq. (7) depending on the value of ac, i.e., ac o 0, ac 4 0 and = ac 0. Here β 1 and β 2 are defined as follows
C i s and D i s (i¼1 to 4) are the unknown constants to be determined by the boundary conditions. C i s and D i s are related by the second equation of Eq. (6), which yields the following: where Ψ 1 and Ψ 2 are given as follows 
. Here the three frequencies are de- Therefore, there are only four rather than eight unknown constants to be determined. where The solution form difference between Eqs. (16) and (20) is noticed. There are two trigonometric functions and two hyperbolic functions in Eq. (16) and four trigonometric functions in Eq. (20) . The two trigonometric functions in Eq. (16) stand for the propagating flexural wave [22, 27] ; the two hyperbolic functions are the nonpropagating evanescent components [22] . The four trigonometric functions in Eq. (20) stand for the both the flexural and shear waves [27] . Therefore, the physical difference between the first frequency spectrum and the second frequency spectrum is whether a propagating shear wave coexists with a flexural wave. 3.
which is the scenario of so-called thickness shear vibration. In thickness shear vibration, there is no transverse displacement, i.e., Y ≡ 0 [4] , and Eq. (9) is reduced to the following (with α = 1)
The solution form of Eq. (24) is as follows:
with β o defined as follows
which leads to
for arbitrary ξ. Therefore, Φ ξ ( ) = D 1 and the same result is also obtained by using a wave propagation method [8] .
The thickness shear vibration, which only vibrates at ω ω = , o is a special scenario of the Timoshenko beam vibration. Abbas and Thomas [5] , Bhashymam and Prathap [6] presented an interesting way of viewing the Timoshenko beam vibration, which is the coupling among the vibrations of the Euler-Bernoulli beam, simple shear and pure shear. The thickness shear vibration is shown to be the fundamental mode of the pure shear vibration [6] . For a rectangular beam with = A bh and = I bh /12 3 (b, h: beam width and thickness, respectively), the dimensional frequency of Ω o as given in Eq. (13) is
which is to say that geometrically, this frequency depends on the beam thickness only.
Physically, this vibration only occurs in the cross-section and is the type of the pure shear vibration [6] . For these geometric and physical reasons, it is called the thickness shear vibration [8, 10] .
Because Y ≡ 0 and only cross-section rotation, ϕ ( ϕ Φ = ωτ e i of Eq. (5)), vibrates transversely (in the − y z plane), Downs called this vibration "transverse vibration without transverse deflection" [4] .
Because the beam vibration frequency (ω) cannot surpass ω S , for cases 2 and 3 of ω S o ω o o ω E and ω S o ω E o ω o , the thickness shear vibration can not occur. Clearly, whereas the nonlocal effect has no impact on Ω o (ω o ), Ω S (ω S ) is determined by the nonlocal effect. Only in the case 1 of ω o o ω S o ω E , can the shear thickness vibration occur, which is the same condition for the occurrence of two frequency spectra. Therefore, < l I A / is the requisite for the occurrence of both two frequency spectra and thickness shear vibration.
Boundary conditions
In conjunction with Eq. (5), the bending moment M and shear force Q as defined in Eq. (A.8) are now nondimensionalized as follows
where M o and Q o are given as follows
For the hinged condition, the transverse displacement and moment at the ends are zero, i.e., ξ ξ 
Results and discussion
The eigenfrequencies of the nonlocal Timoshenko beam with three types of boundary conditions: hinged-hinged, clamped-clamped and cantilever, are examined. The approximate methods may lead to the incomplete solution set of nonlocal beam eigenfrequency [28] , the eigenfrequency problem here is formulated to extract its exact values. For all the computations, h/L and ν are fixed as
5 1 / 6 5 . As a result, the following parameters are also fixed:
2.6. R 3 is thus the only varying parameter.
Hinged-hinged beam
The four boundary conditions are the following
In conjunction with Eq. (28) 
As discussed in Section 2.2, there are three different solution forms depending on the value of ac. Since = ac 0 corresponds to a special scenario of thickness shear vibration whose eigenfrequency is ω o and its mode shape is easily obtained as presented above, here we only deal with the two cases of ac o 0 and ac 4 0.
For ac o 0 and in conjunction with Eqs. (16) and (18), the first two boundary conditions of Eq. (30) are given as follows . Therefore, we have to conclude that = = C C 0 2 ω 1 2 is referred to as the upper root and ω 2 2 as lower root [3] . When R 2 becomes vanishingly small, the upper root tends to infinity, which is unphysical and thus must be discarded. In Eq. (34) , only the lower root should be kept, i.e., 
2 . The shear effect on the Timoshenko beam eigenfrequencies is much larger than that of the rotatory inertia [3] . For a local Timoshenko beam with no rotatory inertia effect, i.e., = = R R 0, 2 3 Eq. (32) becomes the following Because the solution form prescribes one frequency spectrum, the final derivation of eigenfrequency covers both frequency spectra regardless of the solution form. Therefore, there is a logic inconsistency here, which is also noticed by Levinson and Cooke [7] in a different way. They [7] showed that the eigenfrequency larger than ω o can be obtained by the solution form of the first frequency spectrum for a hinged-hinged (local) Timoshenko beam; and about this logic inconsistency, they concluded that "the shear mode frequency (which is ω o here) is not a boundary between 'two frequency spectra'." However, we must emphasize here that this conclusion only holds for the hinged-hinged Timoshenko beam. For other types of boundary conditions such as clampedclamped and cantilevered ones as discussed later, the eigenfrequency larger than ω o can only be obtained by the solution form of the second frequency spectrum and the eigenfrequency smaller than ω o can only be obtained by the solution form of the first frequency spectrum. That the two different solution forms lead to the same eigenfrequency expression for the hinged-hinged beam, by our opinion, is purely coincidence.
The nth eigenfrequency of ω n is obtained by Eq. (35) . Because it is customary to present the square root of the (dimensionless) eigenfrequency [19, 22, 29] . the variations of the first twelve γ n s ( γ ω = n n ) as the functions of R 3 are presented in Table 1 . It is observed that as R 3 increases, all γ n s (eigenfrequencies) monotonically decrease, which is more straightforwardly demonstrated in Figs. 2 and 3. Furthermore, the γ n s of higher modes decreases much more dramatically than those of lower modes as R 3 increases, which can be clearly seen in Table 1 . The nonlocal effect is size-dependent, which is determined by three sizes: the unit cell/microstructure size, the specimen size and the wavelength of variation of the applied mechanical field [30] . At higher modes, the wavelength is shorter and the nonlocal effect is thus more prominent, which, as a result, leads to larger decreases of eigenfrequencies of higher modes [23] . Fig. 2 plots γ 1 , γ 2 and γ 3 as the functions of R 3 . Fig. 3 plots γ 10 , γ 11 and γ 12 as the functions of R 3 . In Fig. 3 , γ = 13.161 o is plotted as a horizontal line.
1/4 is also plotted. In Table 1 and Fig. 3 , it is observed that in certain range of R 3 , some γ n s (eigenfrequencies) are larger than γ = 13.161, o which is of the second frequency spectrum. For example, in Table 1 or larger, none of γ n s is larger than γ o . The reason is explained in Fig. 1 . For the Timoshenko beam eigenfrequency to be in the second frequency spectrum, i.e., larger than γ o , R 3 needs to be smaller than R 2 . Only when < = R R 1/300, 3 2 can some γ n s surpass the value of γ = 13.161 o . Therefore, when < = R R 1/300, 3 2 there are two frequency spectra; when > = R R 1/300, 3 2 there is only the first frequency spectrum. In Fig. 2 , γ 1 , γ 2 and γ 3 are fairly wellseparated and the gap distance among them shrinks with the increase of R 3 . In Fig. 3 , the gap distance among γ 10 , γ 11 and γ 12 is so small that three γ n s almost stick together. Furthermore, the gap distance between γ n and γ + n 1 decreases as mode number n increases, which can be seen more clearly in Table 1 . Lei et al. call this phenomenon as "the clustering of vibration modes in the higher frequency range" [11] . The reason for the gap distance shrinking or the clustering of higher modes is the one mentioned above: the nonlocal effect causes the larger eigenfrequency decreases of higher modes [23] . In contrast, the gap distance between γ n and γ + n 1 of a local Euler-Bernoulli beam is the constant of π. It is also seen that in Fig. 3 , all three γ n s are below the curve of γ S . Actually, all γ n s are below the curve of γ S . Again, the reason is that γ S is a square root of a cut-off frequency and thus, physically no γ n can be larger than γ S [11] . It is noteworthy to mention that γ S intersects γ = 13.161
Clamped-clamped beam
The four boundary conditions are the following Unlike the analytical derivations for the hinged-hinged beam, the eigenfrequencies of the clamped-clamped beam are determined by the transcendental equations of Eqs. (40) and (41), which have to be solved numerically by the Newton-Raphson method [31] . When applying the Newton-Raphson method to find the eigenfrequencies, we need to switch between Eqs. (40) and (41) [29] are presented in Table 2 . In Fig. 4 , γ 1 , γ 2 and γ 3 are plotted and in Fig. 5 , γ 10 , γ 11 and γ 12 are plotted. Except the differences in values, the γ n s of the clamped-clamped beam share the following four trends with those of the hinged-hinged beam: (1) All γ n s decreases monotonically as R 3 increases and the R 3 impact on the γ n s of higher modes is much more significant; (2) the gap distance between γ n and γ + n 1 becomes smaller as the mode number n increases, i.e., "the clustering of vibration modes" [11] occurs; (3) all γ n curves are under/smaller than the asymptotic γ S curve; (4) when 3 2 there are two frequency spectra; when R 3 4 R 2 , there is only the first frequency spectrum.
In the computation of the eigenfrequencies of the clampedclamped beam, there are two distinct facts as compared with that of the hinged-hinged beam. Firstly, the eigenfrequency of the first frequency spectrum is obtained from Eq. (40) and that of the second frequency spectrum is obtained from Eq. (41). Eqs. (40) and (41) result from two different solution forms and different solution form prescribes different frequency spectrum. It is a unique and unusual scenario for the hinged-hinged beam that the two different solution forms lead to the same eigenfrequency expression, which covers two frequency spectra. Secondly, in the analytical derivations of the hinged-hinged beam, the usage of ω S as a cutoff frequency is a crucial one in the whole derivation. In contrast, no (explicit) cut-off frequency information in Eqs. (40) and (41) is used.
Cantilever beam
For ac o 0, in conjunction with Eqs. (18) and (28), by substituting Eq. (16) where f i s are defined as follows where β 1 and β 2 are given in Eq. (17); Ψ 1 and Ψ 2 are given in Eq.
(19).
For ac 4 0, in conjunction with Eq. (22) and (28), by substituting Eq. (20) Table 3 , Figs. 6 and 7. The trends are the same as summarized in the above section except a striking difference: γ 1 monotonically increases while all other γ n s decrease as usual with the increase of R 3 . In Table 3 , at = R 0.1, Wang et al. [19] in a nonlocal cantilever Timoshenko beam and by Lu et al. [22] , and Xu [23] in a nonlocal cantilever Euler-Bernoulli beam. Xu even found that the first two eigenfrequencies of a nonlocal cantilever Euler-Bernoulli beam are larger than those of a local one [23] . This abnormal phenomenon is somewhat puzzling. Because the presence of rotatory inertia and shear force, which increases the system inertia and decreases the system stiffness, the γ n s predicted by the local Timoshenko beam model are always smaller than those by the local Euler-Bernoulli beam model. Table 2 Variation of the first twelve γ n s (γ ω = Furthermore, the presence of the nonlocal effect is to decrease the system stiffness and thus eigenfrequencies as observed in both nonlocal hinged-hinged and clamped-clamped Timoshenko beams. Another example on the nonlocal effect reducing system stiffness is in statics: the buckling loads with different boundary conditions including the cantilevered ones all monotonically decrease with the increase of nonlocal effect (R 3 ); and the nonlocal Timoshenko beam model predicts smaller buckling loads than those by the local Euler-Bernoulli beam model for the beams with all different boundary conditions [20] . The static buckling of a beam can be viewed dynamically as that its first eigenfrequency approaches zero [32] . One explanation for this abnormal phenomenon is that the buckling problem of nonlocal beams (EulerBernoulli and Timoshenko) is self-adjoint for all types of boundary conditions; while, the bending vibration problem of the nonlocal cantilever beam is a special one, which is nonself-adjoint [33] . The nonself-adjointness property can be attributed to a nonconservative inertia moment acting on the beam free end [33] , which cannot be derived from a potential [33, 34] . Reddy and ElBorgi [34] pointed out that it is not possible to construct the underlying quadratic functionals for nonlocal beam theories. According to Fernández-Sáez et al. [35] , the nonself-adjointness is also responsible for another problem that in a nonlocal EulerBernoulli beam depending on the nonlocal parameter l, only a few or even none of the natural frequencies can be calculated [22] . The nonself-adjointness problem can be corrected by the following two ways: One is to construct a functional by an inverse procedure, which in essence modifies the boundary conditions of the nonlocal cantilever beam as given in Eq. (42) to make the problem self-adjoint [33] . The other is to formulate the nonlocal problem by the integral form [35] . In comparison, Eq. (1) is the differential formulation as reflected by Eq. (A.2).
This abnormal behavior can also be explained from another different angle. Romano et al. [36] argued that due to the differential formulation, the nonlocal beam bending problem must satisfy additional constraint conditions called constitutive boundary conditions to assure the existence and uniqueness of the solution. While, the constitutive boundary conditions are incompatible with the equilibrium equation in the bending field. Therefore, no bending field solution in general exists [36] . If Romano's statics conclusion is extended to dynamics, this abnormal behavior is caused by Eq. (16) because it cannot satisfy the constitutive boundary conditions and it is thus not a real solution. shrinks dramatically as either mode number or R 3 increases. This gap distance shrinking phenomenon of eigenfrequency is also observed by Wang et al. for a nonlocal Timoshenko beam [19] and by Lu et al. for a nonlocal Euler-Bernoulli beam [22] . Boundary conditions have very little impact on the eigenfrequency variations of higher modes with R 3 . The facts of the γ n s of higher modes approaching γ S and their shrinking gap Table 3 Variation of the first twelve γ n s (γ ω = distances are responsible for the so-called "the clustering of vibration modes in the higher frequency range" [11] . The intrinsic length of nonlocal effect, l, is often written as = l e a o [12, 19, 20, 22] . Here a is the elastic body internal length such as lattice parameter or grain size, and e o is a constant to be determined for each material. The nonlocal effect indicated by l is determined by the inhomogeneity of material microstructure [14] . Generally speaking, the nonlocal effects in amorphous solids are larger than those of crystalline solids [14] . So far, there are still no definite experimental methods of determining l or e o . An effective way of finding l or e o is to match the results predicted by the nonlocal theories of elastic continuum with those by the discrete atomistic simulation or lattice dynamics. For example, Eringen [12] [38] . By matching the transverse deflections predicted by the nonlocal elasticity theory and by the molecular dynamics simulation, Liang and Han [39] found that rather than a constant, the e o for a CNT depends on its chirality and geometry, which is fitted as = + for the armchair CNT (R: CNT radius). Wang et al. [19] showed that e o may even vary in a large range when a CNT vibrates transversely at different frequencies. Zhang et al. [40] found that the e o of a nonlocal beam varies (mildly) with different boundary conditions when an axial force is present. Besides the difficulty and inconsistency in the above matching methods, boundary conditions, which are a big issue in the micromechanics tests, also play a key role [19, 37, 39, 40] . In contrast, γ S (or Ω S ) is independent of the boundary conditions. Furthermore, as defined in Eq. (13), Ω S is independent of the beam length and insensitive to the beam cross-section geometry (as embodied in κ). Therefore, the asymptotic property of the eigenfrequencies of higher modes can be used as a reliable mechanism to determine the nonlocal effect: once the eigenfrequency of a higher mode is measured, which is (close to) Ω S , the nonlocal effect l is then easily determined by Eq. (13) .
It should be noted that, whereas the number of modes in the continuum Timoshenko beam is infinite, the number of modes in the lattice beam is equal to the number of layers. The differential equation (such as Eq. (1)) of an elastic continuum in essence is the long wave, low frequency limit of the finite difference equation of lattice dynamics [41] . With the increase of mode number, frequency increases and wave length decreases, the lattice mode shape will deviates more and more from the sinusoidal form (as given in Eq. (20)) characteristic of the continuum [41] , which leads to an increasing error and final break-down of the continuum theory. Therefore, for a nanometer scaled beam, one should be cautious about the validity of the higher modes' eigenfrequencies computed by the nonlocal continuum theory.
Comparison of nonlocal Timoshenko and nonlocal Euler-Bernoulli beams
The eigenfrequencies predicted by the nonlocal Timoshenko and nonlocal Euler-Bernoulli beam theories are compared in Fig. 8 .
In Fig. 8, (a) (1)) are considered. The rotatory inertia increases the system effective mass and shear force decreases the system stiffness. As a result, the Timoshenko beam theory leads to lower eigenfrequencies than those by the Euler-Bernoulli beam theory. It is also noticed that in Fig. 8(c) , the abnormal behavior of γ 1 increasing with R 3 is also captured by the nonlocal Euler-Bernoulli beam theory. Another characteristics noticed is that the γ 2 differences predicted by the nonlocal Timoshenko and Euler-Bernoulli beam theories are larger than those of γ 1 for all three beams with different boundary conditions.
Conclusions
To model a nonlocal Timoshenko beam, the nonlocal shear effect must be considered. Otherwise, it leads to an infinite ω S , which is unphysical. There are three frequencies (ω S , ω E and ω o ) determining the vibration behavior of a nonlocal Timoshenko.
Since ω S o ω E for an isotropic Timoshenko beam, ω o and ω S are the two defacto frequencies playing the roles: ω o determines the solution forms; ω S is the cut-off frequency; when ω o o ω S , there are two frequency spectra and thickness shear vibration; when ω o 4 ω S , there is only the first frequency spectrum. For a rectangular Timoshenko beam, ω o o ω S also leads to an important geometric relation of < l I A / and = ( ) I A h / /2 3 for a rectangular beam (h: thickness). As l measures the nonlocal effect, ( ) h/ 2 3 is a critical length determining the beam frequency spectra: when nonlocal effect is weak, i.e., < ( ) l h/ 2 3 , there are two frequency spectra and thickness shear vibration; when nonlocal effect is strong, i.e., > ( ) l h/ 2 3 , there is only the first frequency spectrum. Boundary conditions have significant impact on the eigenfrequencies of lower modes and much less impact on those of higher modes. The eigenfrequencies with large mode numbers asymptotically approach ω S . "The clustering of vibration modes in the higher frequency range" phenomenon [11] is caused by that the nonlocal effect on different vibration mode is different. Because ω S is independent of the boundary boundary conditions, the beam length and insensitive to the beam cross-section geometry, which is a huge advantage in the micro/nanomechanics test, it is suggested as a new and reliable method to determine the nonlocal effect. 
